7 Parameter and Solar System constraint in Chameleon Brans Dick Theory 
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The post Newtonian parameter is considered in the Chameleon-Brans-Dicke frame. In the first 
step, the general form of this parameter and also effective gravitational constant is obtained. An 
arbitrary function for /($), which indicates the coupling between matter and scalar field, is intro- 
duced to investigate validity of solar system constraint. It is shown that Chameleon-Brans-Dicke 
model can satisfy the solar system constraint and gives us an ui parameter of order 10 4 , which is in 
comparable to the constraint which has been indicated in [l9| . 

PACS numbers: 



I. INTRODUCTIONS 



Recent cosmological and Astrophysical observations 
indicate that our universe is in accelerate expansion 
phase. These observations include type la super- 
novae data[l[, Wilkinson Microwave Anisotropic Probe 
(WMAP) [J X-ray 0, large scale structure [|] and ete. 
The combine analysis of these observations also suggest 
that our universe is spatially flat, and consist %73 dark 
energy, %23 dark matter and remanent matter is baryons 
5]. Although the nature and origin of dark energy are 
unknown for researcher up to now; however people have 
introduced some proposals to describe it. Amongst the 
various proposals of dark energy to describe accelerate 
expansion of universe is a tiny positive time-independent 
cosmological constant, A, for which has the equation of 
state w = — 1 @j 0- It is well-known the cosmological 
constant scenario has two problems; cosmological con- 
stant problem (why the cosmological constant is very 
smaller than its natural expectation?), and coincidence 
problem (why the dark energy and dark matter are com- 
parable now?) [8|. Another alternative candidate for 
dark energy is the dynamical dark energy proposal. This 
scenario can be originate from scalar tensors concept. 
Whereas the Einstein's general theory of gravity is a ge- 
ometrical theory of space-time. The fundamental build- 
ing block is a metric tensor field. So, the theory may 
be called a tensor theory. This scenario can provide a 
frame work within which to model space-time variations 
of the Newtonian gravitational constant, G. The scalar 
tensor theory was conceived originally by Jordan, who 
started to embed a four-dimensional curve manifold in 
five dimensional flat space- time @. The scalar tensor 
theories feature a scalar field, 0, which has non-minimal 
coupling with together the geometry in the gravitational 
action where Brans and Dicke (BD) have introduced it 
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10]. Brans-Dicke theory or its modifications have al- 
ready proved to be useful in producing clues to the solu- 
tions for some of the outstanding problems in cosmology 

mm- 

The same mechanism that creates a scalar field non- 
minimal coupling to the geometry in these proposals can 
also lead to a coupling between the scalar and mat- 
ter field. For instance two kind of scalar fields have 
this condition (coupling between scalar field and mat- 
ter field) quintessence and chameleon [l^, E3]- The 
quintessence mechanism is a light scalar field mass which 
couples to matter directly with gravitational strength, 
lead to undesirable large violation of the equivalence 
principle. Therefore authors |15| have introduced a 
scalar field which it has a coupling to matter of or- 
der one, named chameleon mechanism. Chameleons 
are scalar fields whose mass depends on the environ- 
ment mass density. Indeed the chameleon proposal pro- 
duces a way to an effective mass to a light scalar field 
via field self interaction, and interaction between mat- 
ter field and scalar field. Therefore the Brans-Dicke ac- 
tion with non-minimal coupling between matter scalar 
field so called Chameleon-Brans-Dicke model jT^]. Re- 
cently, Chameleon-Brans-Dicke has been used for de- 
scription some models such as holographic dark energy 
(HDE) [17l | . agegraphic dark energy (ADE), and new age- 
graphic dark energy (NADE). All of these investigations 
have been worked out in the large scale, and the authors 
could obtain good results. Studying these works and also 
the works of Moffat et al. [Hj], where they have studied 
PPN-parameter in Jordan-Brans-Dicke cosmology, and 
recent work of Perivolaropoulos [l9j motivated us to con- 
sider constraints of solar system in Chameleon-Branes- 
Dicke model. The motivation of this work is investigation 
the weak field limit and solar system constraints on pa- 
rameterized post Newtonian (or Edington-Robertson) 7- 
parameter (PPN) in Chameleon-Brans-Dicke framework. 
In this case the scalar has non-minimal coupling with 
both of matter and geometry sector. However we are 
going to see how the Chameleon-Brans-Dicke theory fits 
the observation. Since the Chameleon-Brans-Dicke the- 
ory is a metric theory, motion of matter object can be 
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explained in the frame work of PPN approximation. 
This work is organized in four sections, of which this in- 
troduction is the first. In section two, the action is intro- 
duced, and the field equation and the scalar field equation 
of motion are obtained, then we linearized these equa- 
tions and find out the general solution for 7-post New- 
tonian parameter. In section three, we investigate the 
results for two special examples. In the first example, we 
suppose an exponential function for /(<&), and the results 
are considered either in the presence of potential and in 
the absence of that. In the second example, the interac- 
tion between matter and scalar field is ignored, and we 
clearly see that our results are in perfect match with the 
results of previous works. Finally section four, which is 
conclusion, we summarize the results of this work. 



II. GENERAL FRAMEWORK 



where g is the metric determinant, R is the Ricci scalar 
constructed from the metric g^, and <&R has been re- 
placed with the Einstein-Hilbert term is such a way that 
G~L = 167r$ [20| . $ is the Chameleon-Brans-Dicke- 
scalar field, lo is the dimenssionless Chameleon-Brans- 
Dicke constant. V(&) is the potential; note that since 
the scalar field is dependence on the local mass we need 
a monotically decreasing function for potential where ex- 
hibit self interaction. Therefore we consider power law 
potential as 



r«i.. = .u'(^ 



(2) 



For our investigation, we consider the Brans-Dicke- ac- 
tion as 



S = / d^x^g $i? - - Vi$) + /($)£, 



(1) 



we refer the reader for more review to ! .'2 lj . The last term 
on the right hand said of (JTJ, namely /($)£,„, indicates 
non-minimal coupling between scalar field and matter, 
where /($) is an arbitrary function of $. One can obtain 
the gravitational field equation by taking variation of the 
action ([TJ with respect to the metric g^ v as 



$(R P v - ^g^R) = /(*)T M „ 



\g^{d a <s>f) + [v M v„ - - g^^p- 
1 



(3) 



where indicates the energy-momentum tensor. Tak- 
ing variation of action with respect to the scalar field $ 
gives us scalar field equation of motion as 



Minkowskian metric tensor rj^ =diag(— 1, 1, 1, 1) as 



$ = $ 







(5) 



(2w+3)D$ = T(/($)--$/,*)+($V;<i>($)-2V($)). (4) 



In this work, we consider weak field approximation. 
Since we are in solar system, a weak field solution 
plays the same important role that the corresponding 
solutions fills in general relativity. So that we expand 
around a constant-uniform background filed $0: and a 



g^v ~t~ h^vi 



(6) 



where h^ v is computed to the linear first approximation 
only. The linearized solution for Eq.© is as 



J 



£0 r 
2 



and we have below relation for scalar field equation of motion in the weak field 



(2w + 3)D0 = T(/($) - -$/(*)) + (#V;»(3) - 2V($)) = £T + C 



(7) 



(8) 



Now, we expand the potential function © around $oj so 



(9) 
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Also, by the same algebraic analysis we have 



£ = (fa ~ + | (Jo - *of8) = Cx + C 2 ^ (10) 



gravitational potential, so the presence of constant is not 
so important because the potential difference is a physi- 
cal quantity in physics. From the standard expansion of 
metric, namely 



C = -(» + 



(11) 

where / = /(3>o), /o an d /o' are t ne nrs t an d second 
derivative of /(<&) with respect to scalar field respec- 
tively. Since our approximation related to the solar sys- 
tem, we consider a stationary solution correspondence to 
a gravitational mass such as earth. Substituting above 
results in the field equation (JT]) and scalar field equation 
of motion (|8]) we arrive at the differential equation for <p 
and as 



$o(2a; + 3) 



Ci + C24 
' (2w + 3) 



p-C 3 



(12) 



5oo 



-l + 2u, 



g%i = (1 + 2714)^. 



(18) 



(19) 



where u is the Newtonian potential. The 7-post Newto- 
nian parameter can be expressed as the ratio of (ii) and 
(00) component of h^ v 



fo + 



fa 





-0 


gl -(fc-fc')r 
2u+3 e 


4-Trr 


47r(2u + 3)r 




+0 


c l „ — (fc— fc'lr 
2ui + 3 e 


4-Trr 


. C 2 M e e->"- 
4i(2u + 3)r 



(20) 



As, it has been said in the first of this section, the effective 
gravitational constant can be expressed by scalar field as 



2M 6 



■Hn 



ifo + Mtip- 



2M 4 
$0 



2M b 



Hii = -Sij((fo + <l>f!>)p + 



2M 4 



(13) 



(14) 



where Hqq — $0^00 — <t> an d Hij = 4> + ^ahij, and note 
that we have taken n — 1 . These equation are con- 
sistent with the results of [H, [23| even though there is 
a little difference in constants. This differences are re- 
sulted from non-minimal coupling between matter and 
scalar field and the sort of potential which we have se- 
lected. Assuming p = M e 6(r) we obtain the relations 
as 



C1M2 , 

47r(2w+3)r t 



-kr 



1 - 



C 2 M C 
47r(2u+3)r f 



-kr 



(15) 



G 



1 



1 



eff 



16?r$ 

1 

167T$ 



16?r$ 



CiM e 



1 - 



47T$ (2w+3)r 



1 - 



C 2 M C 



(21) 



47r(2^+3)i- 



Up to now, we could attain the 7-post Newtonian pa- 
rameter and effective gravitational constant in the gen- 
eral form. In the next section, we consider some special 
cases and compare our result with the results of previous 
work. 



III. TYPICAL EXAMPLE 

In the previous section we could obtain the main re- 
lation in the general form, now we try to consider these 
relation in the special cases and compare the results with 
the previous work. 



-k'r 



too 



47T$nr 



fo- 



-k'r 



Ci -(fc-fc')r ' 



2w+3 



1 



C 2 M e e-'"- f ' 
47r(2w+3)r ) 

(16) 



A. First Example 

In this subsection we choose a specific function for /($) 



as 



-k'r 



/o+< 



M e / e 



-k'r 



Airr 



- 1 



where k 



M 



Ci -(fc-fc')r 

2^+3 

C 2 M e e~ fcr 
47r(2w+3)r 

(17) 

Note that there 



1 



is some constant in the above relation related to the in- 
tegration constant and the last term on the right hand 
side of the differential equation, but they can be omit- 
ted from the above relation. Also is interpreted as 



/($) = exp A. 

<±>o 



(22) 



By making use of the definition, the constants C\ and C2 
are obtained as 



and 



Co =0. 



Now we investigate the results of this case for M = and 
M ^ 0. 



4 



• If M = 

When we take M = 0, it means that the potential 
have been omitted. For this well as previ- 

ous constants, the constant G3 vanishes. So with 
attention to the definitions of k and kl , for scalar 
held <fi and components of h^, we have 



4>(r) 



e x M R 



8tt(2w + 3)r 



(23) 



KL 



„i-fe 



\ 47r$ r 



-{k—k')r 



2(2uj + 3) 

Now one can easily obtain the 7-post Newtonian 
parameter and effective gravitational constant re- 
spectively as 



/ Mee 1 



l 0Q 



47r$ r I 2(2w + 3) V47r$o 




1 3 47r$ r I 2(2w + 3) V4tt<±V 



- f 



(24) 



(25) 



and 



A-k'r 



e -(k-k') r 
2(2w+3) 



Mr 



e -(k-k')r 



(31) 



And for 7-post Newtonian parameter and effective 
gravitational constant we have respectively 



(4u + 5) 



M c e L 
4ir$or 



(4w + 7) + 



M„ 



4TT$nr 



G 



167T$ 



8vr$ (2w + 3)r 



(26) 



(27) 



• If M ^ 

Here, in contrast to the previous case we assume 
that we have potential, so one can obtain the scalar 
field function and the component of h^ v as follow 



4>{r) 



3tt(2w + 3)r 



(28) 



47r$nr 



1-k' 



\47T$o7' 



g-(fe— k')r 

2(277+3) 



(29) 



G eff ~ 



1 



16tt$ 



-A:/' 



8vr$ (2a; + 3)r 



(32) 



In this step, one can estimate the value of back- 
ground scalar field, namely $0 from effective grav- 
itational constant relation. According to the rela- 
tion (|32|) , the second term in the parenthesis is the 
modified term for the gravitational constant. So 
the gravitational constant is equal to 



Gn = 



1 



87rMi 



16tt$o 



As it is clear, M pl = 2.44 x 10 18 GeV [24J. There- 
fore, the value of $0 can easily be estimated as 
order of 10 36 . Now, we try to consider allowed 
values of uj for j obs - 1 = (2.1 ± 2.3) x 10" 5 [H H] 
with the help of (|3"Tj) . After some algeraic analysis, 
lo can be written as 



1 / 2<$> m AU 
LO = - = W 

4 \ 



-VQM 3 \ A(m A u) - lB(m A u) -ti- 
J — - - e m Au 

2<f> m AU [ 7-1 



3 
2' 



(33) 



where A(m AU ) = M £^ A o u e' 1 ^ - 1, B(m AU ) = product-log) function. From the above realtion, 



M emAU \ mAU + ^ and w is the Lam bert (or 



47T<I> 



FIG. 1: The to parameter and G e //, effective gravitational constant, have been plotted versus 3>o and Mau, respectively (a) 
and (b) (where $ = 10 36 x, rriAu = W~ 27 y, u = 10 4 z, and G e ff = KT 38 G). In this case, we set 7 = 1 - 0.2 x 10" 5 . We 
clearly see that u takes the values of order 10 5 , and G e // tends to the values of order 10~39, the same order of Newtonian 
gravitational constant Go- 




FIG. 2: The plot on the left hand, (a), is realted to the u parameter and the plot on the right hand, (b), is related to the 
effective gravitational constant, G e //. For this case, we set 7 = 1 — 2.5 x 10 -5 , and as we see, the ui parameter takes the values 
of order 10 4 . The effective gravitational constant is as same to the previous case, because the modified term, on the parenthesis 
of relation (|32p . is so small. 



one can realize that there is a complex valu for uj, 
for 7 > 1, which is not acceptable, so 7 > 1 is il- 
legal for this model. Now, we turn our attention 
to the values of 7 that are smaller than one. In 
above figure, the oj parameter and effective grav- 
itational constant have been plotted versus scalar 
field $0 and mass scale mAu •, which corresponds to 
the r = 1AU = 10 8 A;m. In Fig.l, 7-post Newtonian 
parameter has been taken as 7 — 1 = 0.2 x 10 -5 , 
and 7 — 1 = 2.5 x 10~ 5 for Fig. 2. In first case, the u> 
parameter has been obtained as order of 10 5 , and 
in the second case, it is in order of 10 4 . As we see, 
the u> parameter almost has a constant value for 
selected range of mass scale and scalar field. These 
value of uj satisfy the condition cj > 10 4 [l9[ for 
solar system limit. Also, the effective gravitational 
constant has been plotted versus the mass scale and 
scalar field for mentioned values of 7. For both 
case, G e ff tends to a specific value, which is in or- 
der of 10~ 38 . There is a difference between gravita- 
tional constant and effective gravitational constant. 



B. Second Example 

In this case we set /($) = 1, so the model should be 
back to the Brans-Dicke model . From the definition 
of constant we realize that C\ = 1 and C2 = 0. Like the 
previous subsection we investigate this case for M = 
and M ^ 0. 

• If M = 

In this state, from the definition of constants we 
have 

C 2 = C 3 = k = k' = 0. 
The scalar field get the simple form 



-) = 



4tt(2o; + 3)r' 



(34) 



and for we have 



2(oj + 2) M e 
(2w + 3) 47r$ r' 



(35) 



6 



h -A 2 (^+!) M e 



(36) 



In this case as we expected, 7-post Newtonian pa- 
rameter takes its familiar form [251 ] . namely 



7 



hij\i—j 



1 



/i o uj + 2' 
and we have effective gravitational constant as 



(37) 



G 



1 



eff 



16tt$o 



-kr 



47T$ (2a; + 3)7 



(43) 



when we compare these result with the result of 
[jjjj], we see that they are in a perfect match, al- 
though there is a difference which appears in k'. 
This difference is resulted from the sort of poten- 
tial function we have selected. 



G 



1 



eff 



1671-$ 



I - 



M R 



4vr$o(2w + 3)r 



(38) 



• If M ^ 

In this situation, the constant C3 is not vanished, 
and if we attend to the action we realize that we 
have come back to the BD action, so we should be 
back to the results of [19(; however note that we 
have pick out a different potential function. For 
this case, we have 



(r) 



M e 



- kr 



4tt(2u; + 3)r 
and also for the component of we have 



(39) 



^00 — 



M e e 



-k r 



-k r 



e — (fe— k')r 
(2w + 3) 



e -{k-k')r 

(2oj + 3) 



(40) 



(41) 



From the above relation we can express 7-post 
Newtonian parameter as 



1 - 



s -(k-k')r 
2lu+3 



1 



.-(k-fc')r 
2w+3 



(42) 



And also from (|2"Tj) the effective gravitational con- 
stant can be obtained as 



From above discussion we see that our results is com- 
patible with the results of previous work [l|| [25[ and 
this match can be a conformation for the validity of 
Chameleon-Brans-Dicke theory model. 

IV. CONCLUSION 



In this work, we tried to obtain 7-post Newtonian pa- 
rameter in the Chamelcon-Brans-Dickc mcdcl. The grav- 
itational constant is promoted to a dynamical scalar field 
in this model, therefore we could predict the effective 
gravitational constant as well. In section two, we found 
out the general form of 7-post Newtonian parameter, and 
as we saw it is a complicated function. In the first part of 
third section, an exponential function for /($) has been 
suggested, and 7-post Newtonian parameter and effective 
gravitational constant has been acquired in the presence 
of potential and without potential either. When we plot- 
ted the u) parameter for two observational values of 7, 
we realized that ui took the values of order 10 4 which 
satisfy the solar system constraint. This is an achieve- 
ment of Chameleon-Brans -Dicke model in solar system 
limit. Also, we could plot the effective gravitational con- 
stant as well. We found out that there is a small differ- 
ence between gravitational constant and effective gravita- 
tional constant. In the last part of this work, we ignored 
the coupling between matter and scalar field, by setting 
/(<&) = 1, to consider the compatibility of our resulte 
with the previous works; after some algebric analysis, we 
arrived at this result that they are match. 
The achievements of Chameleon-Brans-Dicke model in 
larg scale, in description of agegraphic, new egegraphic, 
and holographic models, and also satisfying solar system 
constraint indicate advantage of this model. 
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